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Abstract
The interaction of dislocations with phase boundaries is a complex phenomenon,
that is far from being fully understood. A 2D Peierls-Nabarro finite element
(PN-FE) model for studying edge dislocation transmission across fully coherent
and non-damaging phase boundaries was recently proposed. This paper brings
a new dimension to the complexity by extending the PN-FE model with a ded-
icated cohesive zone model for the phase boundary. With the proposed model,
a natural interplay between dislocations, external boundaries and the phase
boundary, including decohesion of that boundary, is provided. It allows one to
study the competition between dislocation transmission and phase boundary de-
cohesion. Commonly, the interface potentials required for glide plane behaviour
and phase boundary decohesion are established through atomistic simulations.
They are corresponding to the misfit energy intrinsic to a system of two bulks
of atoms that are translated rigidly with respect to each other. It is shown that
the blind utilisation of these potentials in zero-thickness interfaces (as used in
the proposed model) may lead to a large quantitative error. Accordingly, for
physical consistency, the potentials need to be reduced towards zero-thickness
potentials. In this paper a linear elastic reduction is adopted. With the re-
duced potentials for the glide plane and the phase boundary, the competition
between dislocation transmission and phase boundary decohesion is studied for
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an 8-dislocation pile-up system. Results reveal a strong influence of the phase
contrast in material properties as well as the phase boundary toughness on the
outcome of this competition. In the case of crack nucleation, the crack length
shows an equally strong dependency on these properties.
Keywords: Dislocations, Dislocation pile-ups, Peierls–Nabarro model, finite
element method, Phase boundary, Decohesion, Cohesive Zones
1. Introduction
Dislocation interactions with grain and phase boundaries are known to be
complex phenomena. Depending on the geometrical properties (e.g. grain mis-
orientation) and the material properties (intra- and interphase), a variety of
events may occur. To gain a more profound insight in the interplay between
dislocations and internal boundaries, atomistic studies on various grain and
phase boundaries have been performed [1–11]. Reported events are dislocation
obstruction, dislocation reflection, dislocation nucleation, dislocation transmis-
sion across the boundary, dislocation absorption into the boundary and disloca-
tion induced decohesion. However, the underlying mechanisms controlling these
phenomena are not properly understood – let alone their interplay and/or com-
petition. To acquire a better understanding of the mechanics of these events,
each isolated event needs to be scrutinised. Atomistic models generally are not
suitable for this because they do not allow one to ”switch off” certain mecha-
nisms. Several alternative modelling approaches have been proposed to capture
the local dislocation behaviour. The most common approaches are the Peierls–
Nabarro (PN) model [12–14], phase-field based models [15–17] and Field Dislo-
cation Mechanics [18–20]. Using these models, dislocation transmission across
simple grain and phase boundary structures was recently studied [21–24].
Here we add a novel dimension to the problem beyond transmission, by
extending the recently proposed 2D Peierls–Nabarro finite element (PN-FE)
model [24] to incorporate decohesion. This extension enables us to study how
the local stresses due to a dislocation or a pile-up of dislocations may result
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in an interface crack. In some other cases, a dislocation (of the pile-up) may
be transmitted without any cracking. Our goal is to study this competition of
mechanisms and the dependence of its outcome on the physical properties, e.g.
phase contrast, interface properties, etc.
In this paper, we consider the idealised problem of a two-phase microstruc-
ture in two dimensions. It consists of a soft phase which is flanked by a harder
phase. Embedded in both phases lies a single glide plane perpendicular to
and continuous across the fully coherent phase boundary. Centred in the soft
phase, a dislocation source is assumed that emits edge dislocation dipoles under
the influence of an externally applied shear load. The glide plane is modelled
in accordance with the PN model as a zero-thickness interface, splitting the
microstructure into two regions of linear elasticity. Along the glide plane, an
energy based interface model is employed to capture the structure and motion
of dislocations. It entails a periodic, and thus non-convex, potential in terms
of the relative tangential displacement, or disregistry, between the two elastic
regions. Dislocation arise naturally as localised transitions from one well of this
potential to the next. The phase boundary is fitted with a dedicated cohesive
zone model which allows for a relative normal displacement, or opening, at the
cost of an energy – which, for large openings, approaches the fracture tough-
ness. The total free energy, which comprises the elastic strain energy, the misfit
energy of the glide plane and the cohesive energy of the phase boundary, is
highly non-convex. To minimise it, the model is discretised by finite elements
and solved numerically by the Truncated Newton method [25].
While it seems intuitive to employ atomistics based potentials for the glide
plane and phase boundary, such potentials correspond to a misfit energy that is
intrinsic to the finite distance between two layers of atoms. When employed to
a zero-thickness interface, as done in the present model, erroneous results may
be obtained due to the incorporation of the (linear) elastic response between
the two layers of atoms, which is in contradiction with the zero thickness of the
interface models. Hence, to restore physical consistency, Rice [26] and later Sun
et. al [27] proposed the exclusion of this linear elastic response from the atom-
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istically calculated potentials and its reduction towards a non-linear potentials
that correspond to zero-thickness interfaces. In later studies, Xu et al. [28, 29]
showed that the linear elastic potential reduction has a significant influence on
the Peierls stress and on the activation energy for dislocation nucleation from
a crack tip, and it hence may not be neglected – as is commonly done in the
literature – including our earlier work in Reference [24].
In the first part of this paper we study the influence of the linear elastic re-
duction on the obtained results for the interplay of dislocations with a perfectly
bonded, as well as a decohering phase boundary. In the second part, the reduced
potentials are employed for a parameter study on the competition between dis-
location transmission and crack nucleation as well as on the resulting crack
length. The paper is organised as follows. In Section 2 the Peierls–Nabarro co-
hesive zone (PN-CZ) model for dislocations interacting with a decohering phase
boundary is formulated. Its capability of modelling dislocation transmission and
dislocation induced interface decohesion is illustrated in Section 3 to familiarise
the reader with the mechanics of the problem at hand. Section 4 introduces
the linear elastic reduction of the corresponding potentials and demonstrates
its influence on the dislocation behaviour. A parameter study on the compe-
tition between dislocation transmission and phase boundary decohesion follows
in Section 5. Finally, conclusions are presented in Section 6.
2. The Peierls–Nabarro cohesive zone (PN-CZ) model
2.1. Model formulation
Let Ω be the two-phase microstructure illustrated in Figure 1. Any material
point in Ω is mapped by the position vector ~x in the Eucledian point space R2
with basis vectors ~ex and ~ey. The glide plane Γgp and the phase boundary Γpb
are zero thickness interfaces, splitting Ω into the subdomains Ωi± with i ∈ {A,B}
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(see Figure 1):
Ω =ΩA ∪ ΩB (1)
Γgp =Γ
A
gp ∪ ΓBgp (2)
Ωi =Ωi+ ∪ Ωi− (3)
∂Ω =(∂ΩA \ Γpb) ∪ (∂ΩB \ Γpb) (4)
∂Ωi =(∂Ωi+ \ Γigp) ∪ (∂Ωi− \ Γigp) (5)
For simplicity, Γgp is oriented here with its normal ~en,gp = ~ey and its slip
Figure 1: Continuum PN-CZ model for edge dislocation dipoles interacting with a phase
boundary in a two-phase microstructure. Γps denotes the symmetry plane of the dipole
problem.
direction ~et,gp = ~ex; the normal of Γpb is ~en,pb = ~ex. Assuming all non-linear
deformation of Ω to be confined to Γgp and Γpb, the total free energy (per unit
thickness out of the plane of the sketch of Figure 1) of Ω is defined as
Ψ =
∫
Ω¯
ψe dΩ +
∫
Γgp
ψgp dΓ +
∫
Γpb
ψpb dΓ (6)
with Ω¯ = Ω \ (Γgp ∪ Γpb). Here, ψe is the elastic strain energy density in ΩA±
and ΩB±, calculated by standard linear elasticity under a plane strain condition;
ψgp is the glide plane potential describing the misfit energy density along Γ
A
gp
and ΓBgp; ψpb is the phase boundary potential defining the reversible cohesive
energy density along Γpb. Phase specific material properties apply for ψe and
ψgp.
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Both interface potentials, ψgp and ψpb, are functions of the relative displace-
ment between initially coinciding points on Γgp and Γpb, respectively:
~∆gp = [[~u]] =~u+ − ~u−, ~x ∈ Γgp (7)
~∆pb = [[~u]] =~u
B − ~uA, ~x ∈ Γpb (8)
Due to the alignment of Γgp with the global basis vectors, the tangential relative
displacement, or disregistry, of the glide plane is defined as ∆gp = ~∆gp · ~ex;
the normal relative displacement, or opening, of the phase boundary is ∆pb =
~∆pb · ~ex.
In this paper, a Fourier based glide plane potential is employed [30]:
ψgp(∆gp) =
∑
k
1
k
γius,k sin
2
(
kpi∆gp
bi
)
(9)
where γius,k are the Fourier parameters and b
i the magnitude of the Burgers
vector associated with Phase i. Any normal relative displacement ~∆gp ·~ey along
the glide plane is constrained to zero. The glide plane tractions are given by
Tgp =
dψgp
d∆gp
(10)
The glide plane energy density ψgp and the glide plane traction Tgp are plotted
in Figure 2 as a function of ∆gp, for the parameters specified in Section 2.4.
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Figure 2: (a) Glide plane energy density ψgp and (b) glide plane traction Tgp as a function of
the disregistry ∆gp.
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The phase boundary potential adopted here is a modified version of the Rose–
Ferrante–Smith universal binding relation [31]. In it, the exponential behaviour
is replaced by a quadratic expression in the compressive regime to facilitate the
linear elastic reduction introduced in Section 4. The phase boundary potential
reads
ψpb(∆pb) =
Gc
[
1−
[
1 +
∆pb
lc
]
exp
(
−∆pblc
)]
, ∆pb ≥ 0
1
2Gc
(
∆pb
lc
)2
, ∆pb < 0
(11)
with the work of separation Gc and the characteristic length lc, defined as the
opening where ∂2ψpb/∂∆
2
pb = 0. The tangential sliding ∆pb =
~∆pb · ~ey of the
phase boundary is constrained to zero. The phase boundary tractions read
Tpb =
dψpb
d∆pb
(12)
The phase boundary energy density ψpb and the phase boundary traction Tpb
are illustrated in Figure 3 as a function of ∆pb.
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Figure 3: (a) Phase boundary energy density ψpb and (b) phase boundary traction Tpb as a
function of the opening ∆pb.
2.2. Boundary conditions
Edge dislocations present in the domain Ω as sketched in Figure 1 are thought
of as a part of an edge dislocation dipole centred at ~x = ~0. They are subjected to
an externally applied shear deformation. Together, these assumptions give rise
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to the symmetry boundary condition ~u(y) = −~u(−y) on the vertical symmetry
plane Γps with
Γps = {(0, y)|−H < y < H} (13)
For conciseness, the term dislocation dipole will be replaced in the following by
dislocation whenever this does not lead to confusion.
On the outer boundary ∂Ω \ Γps a shear deformation is imposed, which,
for a linear elastic model response (no glide plane), induces a constant shear
stress τ = tτ¯ in Ω. Here, τ¯ is the target shear load and t ∈ [0, 1] a pseudo-
time to capture the model’s evolution under an increasing shear load. The
corresponding Dirichlet boundary conditions read
~u =
τ¯
µA
x t~ey on ∂Ω
A \ (Γpb ∪ Γps) (14)
~u =
τ¯
µB
[
x−
(
1− µ
B
µA
)
LA
]
t~ey on ∂Ω
B \ Γpb (15)
with µi as the shear modulus of Phase i.
2.3. Solution method
For the evaluation of the PN-CZ model under the applied boundary condi-
tions (14),(15) at time tn, the non-convex total free energy of Eq. (6) needs
to be minimised. To this end, the full problem is discretised by finite elements
and solved with the adapted truncated Newton method, as outlined in [25]. To
nucleate dislocations, i.e. no annihilation of the dipole occurs, the methodology
outlined in [24] is followed.
2.4. Parameter set used
In the analyses presented in this paper, the material properties of Phase
A, i.e. elasticity parameters and glide plane properties, are chosen consistently
with molecular statics results for a 2D hexagonal lattice [30]. All parameters
are parametrised with respect to the shear modulus µA and the Burgers vector
bA = b. Poisson’s ratio is defined as νA = 0.25 and the Fourier parameters for
the glide plane are taken as listed in Table 1. The material parameters of Phase
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B are defined through the phase contrast km as µ
B = kmµ
A and γBus,k = kmγ
A
us,k;
a homogeneous Poisson’s ratio applies, i.e. νB = νA = ν. The coherent phase
boundary implies bB = bA = b. The phase boundary properties have also been
calibrated on molecular statics results and are defined as lc = 0.14 b and Gc =
kpb (1 + km)Gc,0 with Gc,0 = 7.24·10−2µAb and the toughness factor kpb, which
allows one to vary the phase boundary toughness and strength simultaneously.
The model dimensions are chosen as LA = 2000 b, L = 3000 b and H = 2250 b.
The full model is discretised by linear triangular elements with one central Gauss
point, for Ωi±, and by linear interface elements with two Gauss points, for Γgp
and Γpb. A minimum element size of b/8 is adopted to adequately capture the
dislocation behaviour and phase boundary decohesion. Outside of the region of
interest, the mesh coarsens rapidly.
For the load application, a target shear load of τ¯ = 0.07µA is considered,
which refers to 90% of the glide plane traction amplitude max {Tgp} of Phase A.
Note that this rather large target stress is solely chosen for the purpose of a
qualitative study. Results are to be interpreted carefully in the context of the
adopted small strain framework.
Table 1: Fourier parameters for the glide plane potential of Phase A.
Parameter γus,1/µ
Ab γus,2/µ
Ab γus,3/µ
Ab γus,4/µ
Ab
Value 1.95 · 10−2 8.67 · 10−3 3.28 · 10−3 1.14 · 10−3
3. Illustrative results
The purpose of this section is to demonstrate the model’s capability to rep-
resent dislocation transmission and dislocation induced crack nucleation. The
outcome of the competition between these phenomena depends on the mate-
rial and interface properties. In this context, first results are given to make the
reader familiar with the general mechanics of the problem. Two interfaces of dif-
ferent toughness are considered, one that promotes transmission (kpb = 0.435)
and one that is prone to failure (kpb = 0.379). Throughout this section, a phase
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contrast of km = 2 applies. First, the results of a single dislocation interacting
with the phase boundary are given to understand the influence of the decohering
phase boundary. Subsequently, an 8-dislocation pile-up system is considered to
demonstrate the difference in model response with respect to the single dislo-
cation case. Results are compared with a corresponding non-damaging model
(kpb =∞) where displacement and traction continuity are enforced across Γpb.
3.1. Single dislocation case
Consider first a single dislocation under the externally applied shear load τ .
While the shear load acts as a driving force on the dislocation towards the phase
boundary, a repulsive image force arises from the phase contrast between the
two phases, creating a natural source of dislocation obstruction. Equilibrium is
attained, for a given level of applied shear, when these two forces are in equilib-
rium. This is illustrated in Figure 4 for τ = 0.0019µA and kpb = 0.435 by the
stress fields σxx and σxy. At this applied shear load, a dislocation equilibrium
position is established at approximately 30 b from the phase boundary.
5.468e+00
2.734
0
stress_11
2.734e+00
1.367
0
stress_12
Figure 4: Stress field of a single dislocation interacting with a decohering phase boundary
(kpb = 0.435) at τ = 0.0019µ
A: (a) σxx and (b) σxy . The phase boundary is indicated by
the dashed line.
For the comparison of the model responses for different toughness factors,
the results are displayed in terms of the glide plane response and of the phase
boundary response in Figure 5. The glide plane behaviour is illustrated by the
disregistry profiles ∆gp (Figure 5a) and the glide plane tractions Tgp (Figure
5b) which for kpb = 0.435 and kpb = 0.379 are nearly overlapping. However, a
slight deviation is observed from the profile obtained for the perfectly bonded
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case (kpb = ∞). The presence of the dislocation is indicated by the drop of
the disregistry from b to 0, which is established by the energy minimisation
– without requiring any additional criteria. The dislocation core is located at
the position where ∆gp = b/2. The related glide plane tractions are also an
outcome of the simulation. They remain finite and are zero at the centre of the
dislocation. Note that the discontinuity in Tgp at the phase boundary x = LA
originates from the jump in the piece-wise constant material properties across
the phase boundary.
Figure 5: Model response for a single dislocation interacting with a non-damaging (kpb = ∞)
and a decohering phase boundary (kpb ∈ {0.379, 0.435}) at τ = 0.0019µA: (a) disregistry
profiles ∆gp and (b) glide plane tractions Tgp along the glide plane. Phase B is shaded for
clarity. (c) Opening profiles ∆pb and (d) phase boundary tractions Tpb along the phase
boundary plane.
The response of the phase boundary is demonstrated by the opening profiles
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∆pb (Figure 5c) and the phase boundary tractions Tpb (Figure 5d). Here, the
relatively large opening and traction gradients around y = 0 are induced by
the interaction of the phase boundary with the glide plane in relation with a
marginal (but barely visible) disregistry gradient at x = LA .
The comparison of the different model responses shows a small influence of
the phase boundary opening, which is explained as follows. Due to the presence
of the dislocation, a stress field is induced which leads to a slight opening of
the phase boundary (y ≤ 0) or a slight compression (y ≥ 0). Hence, the bulk
Ω± relaxes, resulting in a dislocation position slightly closer to the boundary
than for kpb = ∞. At this applied shear load, the small difference between
kpb = 0.435 and kpb = 0.379 has only a negligible influence on ∆gp and Tgp,
and hence on the dislocation position.
With an increasing externally applied shear load, the influence of the phase
boundary opening becomes more pronounced. To observe this, consider the
single dislocation response under an externally applied shear load of τ = 0.04µA,
as illustrated for kpb = 0.435 in Figure 6 in terms of the stress fields σxx and
σxy. The specific responses of the glide plane and the phase boundary are
5.468e+00
2.734
0
stress_11
5.468e+00
4.101
2.0505
stress_12
Figure 6: Stress field of a single dislocation interacting with a decohering phase boundary
(kpb = 0.435) at τ = 0.04µ
A: (a) σxx and (b) σxy .
shown in Figure 7. Like before, the glide plane behaviour is presented by the
disregistry profiles ∆gp (Figure 7a) and the glide plane tractions Tgp (Figure
7b), and the phase boundary behaviour by the opening profiles ∆pb (Figure 7c)
and the phase boundary tractions Tpb (Figure 7d).
Due to the proximity of the dislocation to the phase boundary, the dislo-
12
Figure 7: Model response for a single dislocation interacting with a non-damaging (kpb = ∞)
and a decohering phase boundary (kpb ∈ {0.379, 0.435}) at τ = 0.04µA: (a) disregistry profiles
∆gp and (b) glide plane tractions Tgp along the glide plane. (c) Opening profiles ∆pb and (d)
phase boundary tractions Tpb along the phase boundary plane.
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cation induced tractions on Γpb are now higher, which leads to a larger phase
boundary opening (note the different horizontal scale in Figure 7c-d compared
to Figure 5c-d). The bulk Ω± relaxes more, and again the dislocation moves
closer to the phase boundary. Naturally, a weaker phase boundary (lower kpb)
entails a larger phase boundary opening. Another consequence of the bulk
relaxation is a lower dislocation induced net shear stress on the glide plane
of Phase B (see Figure 7b) which leads to the decreased disregistry ∆gp(x
B),
where xB =
{
x ∈ ΓBgp|x = LA
}
. Hence, to reach the same net dislocation in-
duced shear stress in Phase B, as required for transmission, the externally ap-
plied shear needs to be increased. While for the non-damaging phase boundary
(kpb =∞) an external transmission stress, i.e. the externally applied shear load
at dislocation transmission, of τ∞trans ≈ 0.045µA is recorded, an increased exter-
nally applied shear load of τtrans ≈ 1.16 τ∞trans is required for kpb = 0.435. With
a toughness factor of kpb = 0.379, the relaxation is strong enough to inhibit
transmission for any externally applied shear load below τ = τ¯ .
3.2. Dislocation pile-up
To demonstrate the capability of the PN-CZ model to simulate the competi-
tion between dislocation transmission and phase boundary decohesion as a func-
tion of the material properties (including the cohesive properties of the phase
boundary), an 8-dislocation pile-up system is now considered. The same mate-
rial properties as for the single dislocation case apply, with kpb ∈ {0.379, 0.435}.
An increasing external shear load τ is applied, until eventually either a disloca-
tion is transmitted or a crack is nucleated, as illustrated in Figure 8 in terms of
the stress field σxx before the event (Figure 8a-b) and after the event (Figure
8c-d). Note that in Figure 8d the first dislocation has been transmitted and
hence is no longer visible in the plotted window.
The transmission of a dislocation is recorded by its presence in Phase B, i.e.
∆Bgp > b/2. A crack is assumed to be nucleated as soon as two dislocations are
absorbed by the phase boundary, which corresponds to an opening ∆pb(y =
0−) > 3b/2. In the reference case (kpb = ∞), dislocation transmission occurs
14
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stress_11
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5.468e+00-5.468e+00 2.730-2.73
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Figure 8: Stress field σxx for an 8 dislocation pile-up system and a decohering phase boundary
with the phase contrast km = 2 and toughness factors kpb = 0.379 (a,c) and kpb = 0.435
(b,d) under different externally applied shear loads τ : (a-b) at τ = 0.0118µA, (c) after crack
nucleation at τ = 0.0182µA and (d) after transmission at τ = 0.0181µA.
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at τ∞trans ≈ 0.012µA.
The evolution of the glide plane and phase boundary responses for the 8-
dislocation pile-up, including dislocation transmission and crack nucleation, are
plotted in Figure 9 in terms of the disregistry and opening profiles at different
externally applied shear loads τ . Similar to the single dislocation case, the
position of dislocation j is where ∆gp = (2j − 1)b/2.
For both phase boundary toughnesses, the dislocation pile-up evolves sim-
ilarly before either event (transmission or decohesion) is triggered. Only the
opening behaviour shows a small mismatch, due to the different phase bound-
ary toughness. Ultimately, under sufficient load on the pile-up, the model re-
sponses deviate, exhibiting either dislocation transmission (kpb = 0.435) or
phase boundary decohesion (kpb = 0.379), at τtrans ≈ 1.51 τ∞trans and τdec ≈
1.52 τ∞trans, respectively. In the case of crack nucleation, an instantaneous prop-
agation occurs until 7 dislocations are absorbed. These preliminary results show
that the PN-CZ model is fully capable of capturing the competition between
dislocation transmission and phase boundary decohesion.
4. Reduced interfacial potentials
4.1. Methodology
In Section 3 it has been shown that the PN-CZ model is capable of cap-
turing the competition between dislocation transmission and phase boundary
decohesion. Atomistically calculated material properties have been adopted to
describe the bulk (Ωi±) behaviour, as well as the behaviour of the glide plane
(Γigp) and the phase boundary (Γpb), both modelled as zero-thickness interfaces.
The atomistic potentials for the glide plane and the phase boundary, however,
correspond to a misfit energy which is induced by the rigid shift ∆gp or ∆pb
between two bulks of atoms adjacent to the interface (Γgp or Γpb), as illustrated
for the glide plane in Figure 10a. Thus, by assigning these potentials to the
zero-thickness interfaces, an error has been introduced due to the inclusion of
the (linear) elastic response of the thin layer of thickness dgp (for Γgp) or dpb
16
Figure 9: Disregistry and opening profiles ∆gp and ∆pb for an 8 dislocation pile-up system
and a decohering phase boundary with the phase contrast km = 2 and toughness factors
kpb ∈ {0.379, 0.435} under different externally applied shear loads τ : (a) at τ = 0.0054µA,
(b) at τ = 0.0118µA and (c) after crack nucleation at τ = 0.0182µA for kpb = 0.379 and
after transmission at τ = 0.0181µA for kpb = 0.435. Note the different scale for the opening.
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(for Γpb) into the (zero-thickness) interface model. To rectify this physical in-
consistency, Rice [26] and later Sun et. al [27] proposed the exclusion of this
linear elastic response from the atomistically calculated potentials to obtain the
corresponding non-linear potentials of the zero-thickness interfaces. In this con-
text, by subtracting the linear elastic displacement from unreduced disregistry
∆gp and opening ∆pb, the reduced disregistry δgp and opening δpb of the zero-
thickness interface are obtained, as illustrated for the glide plane in Figure 10b
and 10c.
Figure 10: (a) Unreduced glide plane disregistry ∆gp in a square lattice, (b) reduced glide
plane disregistry δgp in the PN-CZ model and (c) the physical relation between ∆gp and δgp.
Let the interface potentials ψgp and ψpb as obtained from atomistics, which
are considered as given, be comprised of an elastic contribution ψgp,e and ψpb,e
(intrinsic to the half-bands above and below the zero-thickness interface) and
the reduced potentials ψ∗gp and ψ
∗
pb of the connecting zero-thickness interface:
ψgp(∆gp) =ψgp,e(∆gp, δgp) + ψ
∗
gp(δgp) (16)
ψpb(∆pb) =ψpb,e(∆pb, δpb) + ψ
∗
pb(δpb) (17)
The elastic contribution of the band is defined for a linear elastic solid as
ψgp,e =
1
2
µgp
dgp
(∆gp − δgp)2 (18)
ψpb,e =
1
2
cpb
dpb
(∆pb − δpb)2 (19)
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where µgp and cpb are the shear modulus and uniaxial strain modulus, respec-
tively. For infinitesimal disregistries ∆gp and openings ∆pb, the response of the
potentials ψgp and ψpb can be considered as linear elastic only. Requiring this
limit behaviour implies for ψgp, ψpb and ψgp,e, ψpb,e
Mgp,0 :=
d2ψgp
d∆2gp
∣∣∣∣
∆gp=0
=
d2ψgp,e
d∆2gp
=
µgp
dgp
(20)
Mpb,0 :=
d2ψpb
d∆2pb
∣∣∣∣∣
∆pb=0
=
d2ψgp,e
d∆2gp
=
cpb
dpb
(21)
Note that in relation with the rigid shift of the two bulks of atoms with respect
to each other, µgp and cpb do not exactly correspond to the homogeneous bulk
properties µ and c. The reduced potentials for the zero-thickness interfaces Γgp
and Γpb follow from Eq. (16)-(21):
ψ∗gp(δgp) =ψgp(∆gp)−
1
2
Mgp,0 (∆gp − δgp)2 (22)
ψ∗pb(δpb) =ψpb(∆pb)−
1
2
Mpb,0 (∆pb − δpb)2 (23)
The total free energy of Eq. (6) is modified accordingly with the reduced poten-
tials. The reduced disregistry δgp and opening and δpb replace the unreduced
counterparts as primary dependent variables and are defined as the relative
displacements
δgp =[[~u]] · ~ex, ~x ∈ Γgp (24)
δpb =[[~u]] · ~ex, ~x ∈ Γpb (25)
Yet, the unreduced disregistry ∆gp and opening and ∆pb are required to cal-
culate the reduced potentials. The link between the reduced and unreduced
disregistries and openings is established through the differentiation of Eq. (22)
and (23) with respect to ∆gp and ∆pb, respectively, and reads
δgp =∆gp − 1
Mgp,0
Tgp(∆gp) (26)
δpb =∆pb − 1
Mpb,0
Tpb(∆pb) (27)
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The unreduced disregistry ∆gp and opening ∆pb are obtained by solving these
non-linear equations iteratively for the given reduced disregistry δgp and opening
δpb.
As a result of this linear elastic reduction, the physical consistency of the
zero-thickness character of the interfaces of the PN-CZ model is recovered, i.e.
the initial compliance for δgp = i b (i = 1, 2, . . . ) and δpb = 0 is zero. This is
illustrated in Figure 11a by the glide plane tractions Tgp and T
∗
gp as a func-
tion of the disregistries ∆gp and δgp, respectively, and in Figure 11b by the
phase boundary traction Tpb, T
∗
pb as a function of the openings ∆pb and δpb,
respectively.
Figure 11: (a) Glide plane traction Tgp(∆gp) and T ∗gp(δgp) = Tgp(∆gp(δgp)) and (b) phase
boundary traction profiles Tpb(∆pb) and T
∗
pb(δpb) = Tpb(∆pb(δpb)). Tgp and Tpb correspond
to the conventional definition of the glide plane and cohesive zone, whereas T ∗gp and T ∗pb refer
to their reduced counterparts from which the linear elastic response has been eliminated. The
regularised tractions (Eq. (28)-(31)) with α = 0.95 are labelled as ψ∗αgp and ψ∗αpb .
A complication in the numerical implementation is that the linear elastic
reduction leads to zero compliance (and infinite stiffness) at δgp = i b (i =
1, 2, . . . ) and δpb = 0, resulting in an ill-condition Hessian. To facilitate the
numerical solution, it is therefore regularised. The reduced potentials and the
link between the reduced and unreduced disregistry and opening are modified
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to
ψ∗gp(δgp) =ψgp(∆gp)−
1
2αr
Mgp,0 (∆gp − δgp)2 (28)
ψ∗pb(δpb) =ψpb(∆pb)−
1
2αr
Mpb,0 (∆pb − δpb)2 (29)
and
δgp =∆gp − αr
Mgp,0
Tgp(∆gp) (30)
δpb =∆pb − αr
Mpb,0
Tpb(∆pb) (31)
with the regularisation factor αr. In this paper, αr = 0.95 is employed, which
leads to a traction response which is practically identical to that of the ideal
case αr = 1, as observed in Figure 11, but which is numerically more benign.
4.2. Influence of the linear elastic reduction
4.2.1. Single dislocation
Non-damaging phase boundary. To asses the influence of the linear elastic reduc-
tion of the potential, consider first the case of a single dislocation approaching a
non-damaging phase boundary (kpb =∞). The phase contrast is set to km = 2.
Results show a negligible influence of the potential reduction on the dislocation
position and on the external transmission stress, which equals τtrans = 0.0451µ
A
without and τ∗trans = 0.0454µ
A with the reduction applied. Only minor differ-
ences can be observed in the disregistries ∆gp, δgp and the tractions Tgp(∆gp),
T ∗gp(δgp) = Tgp(∆gp(δgp)). This is illustrated in Figures 12 and 13 for externally
applied shear loads of τ = 0.0019µA and τ = 0.04µA, respectively. The most
obvious difference between ∆gp and δgp is the vertical offset between both curves
(e.g. in Figure 13a), which is related to the artificial compliance of ψgp around
∆gp = i b and increases with the externally applied shear load τ . In addition,
for ψ∗gp the disregistry profile levels out faster away from the dislocation core
due to the difference in compliance. This has a direct influence on the stress
distribution, as demonstrated by the shear tractions Tgp(x) = σxy(x, y = 0)
in Figures 12 and 13, and by the normal stress σxx(x, y = 0
−) in Figure 14.
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A widening of the stress profile due to the reduction becomes apparent. Fur-
thermore, the peak normal stress σxx along the glide plane slightly decreases,
whereas a slightly higher stress is observed for small deviations from δgp = i b,
reflecting the increased gradient for these disregistries.
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Figure 12: Model response for a single dislocation interacting with a non-damaging phase
boundary (kpb = ∞) at τ = 0.0019µA: (a) disregistry profile ∆gp for the unreduced (ψgp)
and δgp for the reduced potential (ψ∗gp) and (b) the glide plane tractions Tgp = T ∗gp.
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Figure 13: Model response for a single dislocation interacting with a non-damaging phase
boundary (kpb = ∞) at τ = 0.04µA: (a) disregistry profile ∆gp for the unreduced (ψgp) and
δgp for the reduced potential (ψ∗gp) and (b) the glide plane tractions Tgp = T ∗gp.
Damaging phase boundary. Eliminating the initial compliance of the phase
boundary in the conventional, unreduced model, the potential reduction may
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Figure 14: Normal stress distribution σxx(x, y = 0−) for the unreduced (ψgp) and the reduced
potential (ψ∗gp) at τ = 0.0019µA: (a) σxx as a function of the position x and (b) σxx as a
function of ∆gp, δgp in Phase A.
have a significant influence on the model response. This is demonstrated for the
single dislocation case with a phase contrast of km = 2 and toughness factors of
kpb = k
∗
pb ∈ {0.379, 0.435}.
For a dislocation still relatively far from the phase boundary, at τ = 0.0019µA,
minor differences in the dislocation behaviour already arise, as shown in Figure
15a-b by the disregistry profiles and the glide plane tractions and in Figure 15c-
d by the opening profiles and the phase boundary tractions. Note that in Figure
15a-b the unreduced and the reduced model responses are independent of the
toughness factor. The difference in dislocation position arises from the signifi-
cantly lower phase boundary compliance of the reduced model around δpb = 0,
invoking only negligible opening and relaxation of the bulk Ωi±, as opposed to
the unreduced potentials. Naturally, the lower bulk relaxation for k∗pb leads to
dislocation positions slightly more distant to the phase boundary and hence a
minor decrease in the tractions Tpb.
Under an increased externally applied shear load, pushing the dislocation
closer to the phase boundary, the impact of the potential reduction grows. This
is illustrated for τ = 0.04µA in Figure 16a-b by the disregistry profiles and the
glide plane tractions, and in Figure 16c-d by the opening profiles and the phase
boundary tractions. Here, two dominant influences of the reduced potential are
visible, as follows. For the tougher interface, kpb = k
∗
pb = 0.435, the potential
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Figure 15: Model response for a single dislocation interacting with a decohering phase bound-
ary with toughness factors kpb = k
∗
pb ∈ {0.379, 0.435} at τ = 0.0019µA: (a) disregistry profile
∆gp for the unreduced (ψgp, ψpb) and δgp for the reduced potentials (ψ
∗
gp, ψ
∗
pb) and (b) glide
plane traction Tgp = T ∗gp. (c) Opening profile ∆pb for the unreduced (ψgp, ψpb) and δpb for
the reduced potentials (ψ∗gp, ψ∗pb) and (d) phase boundary traction Tpb = T
∗
pb.
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reduction leads to a lower phase boundary opening of δpb(0
−) = 0.93 lc (versus
∆pb(0
−) = 1.67 lc). For the weaker interface, kpb = k∗pb = 0.379, it has the op-
posite effect and enhances the opening to δpb(0
−) = 4.73 lc (∆pb(0−) = 3.97 lc).
These different behaviours between kpb and k
∗
pb stem from the highly non-linear
interaction between the phase boundary opening and the bulk relaxation. In-
fluential contributions are the initial phase boundary compliance, the softening
behaviour of the phase boundary, as well as the difference in the glide plane
potential (cf. Figures 11, 14). In terms of dislocation transmission, the reduced
potentials entail only a minor decrease of the external transmission stress for
kpb = k
∗
pb = 0.435 with τ
∗
trans = 1.07 τ
∞
trans (τtrans = 1.16 τ
∞
trans). As observed
earlier for kpb = 0.379 (see Section 3.1), no dislocation transmission is triggered
for k∗pb = 0.379 below an externally applied shear load of τ = τ¯ .
Note that the difference in model response strongly depends on the phase
contrast km and the toughness factor kpb. While a higher value of km leads
to enhanced dislocation obstruction [24], kpb sets the compliance of the phase
boundary. Thus, with increasing kpb (lower compliance) the influence of the
potential reduction diminishes.
4.2.2. Dislocation pile-up
To demonstrate the influence of the potential reduction under the presence
of multiple dislocations, an 8-dislocation pile-up system is considered. Results
show only a negligible influence on the dislocation position before transmission
or decohesion is triggered. This is illustrated in Figure 17 in terms of the dis-
registry and opening profiles at different externally applied shear loads. Similar
to the single dislocation case, k∗pb = 0.379 evokes the largest and k
∗
pb = 0.435
the smallest opening for the leading dislocation situated at the phase boundary.
With increasing externally applied shear load, dislocation transmission or
phase boundary decohesion occurs. For k∗pb = 0.379 the reduction of the poten-
tial causes only a minor decrease of the external shear load causing decohesion at
τ∗dec ≈ 1.45 τ∞trans (τdec = 1.52 τ∞trans). No significant difference in phase boundary
opening behaviour is observed. For k∗pb = 0.435, the external transmission stress
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Figure 16: Model response for a single dislocation interacting with a decohering phase bound-
ary with toughness factors kpb = k
∗
pb ∈ {0.379, 0.435} at τ = 0.04µA: (a) disregistry profile
∆gp for the unreduced (ψgp, ψpb) and δgp for the reduced potentials (ψ
∗
gp, ψ
∗
pb) and (b) glide
plane traction Tgp = T ∗gp. (c) Opening profile ∆pb for the unreduced (ψgp, ψpb) and δpb for
the reduced potentials (ψ∗gp, ψ∗pb) and (d) phase boundary traction Tpb = T
∗
pb.
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is strongly affected and decreases to τ∗trans ≈ 1.03 τ∞trans (τtrans = 1.51 τ∞trans). For
small and large toughness factors kpb, the influence of the potential reduction
on transmission or decohesion is expected to diminish.
For the selected toughness factors, the reduced potentials do not yield a
change of mechanism (transmission or decohesion), nor a significantly different
phase boundary opening in case of decohesion. However, there might be config-
urations where k∗pb and kpb do not only show quantitative but also qualitative
differences, i.e. a damage of mechanism.
5. Dislocation–phase boundary interaction with reduced potentials
In this section, the interplay of dislocations with a decohering phase bound-
aries is studied in detail. Goal of this study is the assessment of the specific
influence of the phase contrast km and the phase boundary toughness factor
k∗pb, and hence the phase boundary toughness, on the competition between dis-
location transmission and crack nucleation, and on the resulting crack length.
For this purpose an 8-dislocation pile-up system is considered with model and
material settings as specified in Section 2.4. First the general model evolution
is explained in detail for transmission and crack nucleation. Subsequently, a
parameter study is performed to assess in detail the influence of km and k
∗
pb
on the triggered mechanism (transmission or crack nucleation) and the respec-
tive evolution process. Finally, the influence of the chosen parameters on the
resulting crack length is presented.
5.1. General model evolution for transmission and crack nucleation
Consider first the earlier discussed cases with phase contrast km = 2 and
toughness factors k∗pb ∈ {0.379, 0.435} (cf. Figure 17). During the course of
transmission (for k∗pb = 0.435) the disregistry at the phase boundary, x = LA,
evolves from initially δgp = 0 (defect and stress free) to δgp > b (transmitted
dislocation). Temporarily, the phase boundary opens up, leading to a disregistry
jump across Γpb with δ
A
gp > δ
B
gp, where δ
A
gp and δ
B
gp denote the disregistries at
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Figure 17: Disregistry profiles ∆gp, δgp and opening profiles ∆pb, δpb for an 8 dislocation pile-
up system and a decohering phase boundary with the phase contrast km = 2 and toughness
factors kpb = k
∗
pb ∈ {0.379, 0.435} under different externally applied shear loads τ : (a) at
τ = 0.0054µA, (b) at τ = 0.0118µA and (c) after crack nucleation at τ = 0.0182µA and
τ∗ = 0.0174µA, and after transmission at τ = 0.0181µA and τ∗ = 0.0124µA. Note the
different scale for the opening.
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xA ∈ {x ∈ ΓAgp|x = LA} and xB ∈ {x ∈ ΓBgp|x = LA}, respectively. In the case
of crack nucleation (for k∗pb = 0.379), the pile-up configuration evolves initially
in a similar manner. The phase boundary opening, however, is somewhat more
pronounced, leading to the absorption of the first dislocation into the phase
boundary before, ultimately, crack nucleation is triggered.
The corresponding evolutions of the disregistries δAgp and δ
B
gp for k
∗
pb ∈
{0.379, 0.435} are illustrated in Figure 18a as a function of the externally ap-
plied shear load τ . Due to the negligible compression above the glide plane, the
disregistry jump practically equals the phase boundary opening: δ−pb = δpb(y =
0−) ≈ δAgp − δBgp. During the evolution of the system with k∗pb = 0.379, two
jumps in the disregistry are apparent. These are characteristics for absorption
of the leading dislocation (first jump, at τ/µA ≈ 0.009) and crack nucleation
(second jump, at τ/µA ≈ 0.017). For k∗pb = 0.435 the strong increase in dis-
registry beyond δgp = b indicates the point of dislocation transmission and the
migration of the next dislocation in the pile-up to the boundary.
The different model responses suggest that the first dislocation’s absorption
leads to a bifurcation, where the model either progresses further towards dis-
location transmission or diverts towards crack nucleation. As the dislocation
is being absorbed, the surrounding bulk relaxes, increasing the barrier against
dislocation transmission (cf. Section 3). After the leading dislocation is being
absorbed, the externally applied shear load needs to be increased further to
nucleate a crack.
To obtain a better insight into the underlying mechanics of the system,
Figure 18b plots the evolution of the glide plane traction of Phase B TBgp =
Tgp(x = LA) and of the phase boundary traction T
−
pb = Tpb(y = 0
−). These
evolution profiles reflect the influence of the successive nucleation of dislocations
(traction jumps for τ < 0.006µA), dislocation transmission (last traction jump
for k∗pb = 0.435), as well as dislocation absorption and crack nucleation (last two
traction jumps for k∗pb = 0.379). The initially similar model response for both
toughness factors corresponds to a comparable phase boundary behaviour in
the early stages of the model evolution. With increasing τ , the tractions begin
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Figure 18: Model evolution for an 8-dislocation pile-up system up to crack nucleation or
transmission with the phase contrast km = 2 and toughness factors k∗pb ∈ {0.379, 0.435} as a
function of the externally applied shear load τ : (a) disregistries δAgp at
{
x ∈ ΓAgp|x = LA
}
, and
δBgp at
{
x ∈ ΓBgp|x = LA
}
and (b) glide plane traction TBgp at
{
x ∈ ΓBgp|x = LA
}
and phase
boundary traction T−pb at y = 0
−.
to diverge, highlighting the strong influence of the phase boundary toughness.
For k∗pb = 0.435, where transmission is triggered, T
B
gp decreases after reach-
ing the traction amplitude max {Tgp} of Phase B, corresponding to the increase
of δBgp. Simultaneously, the phase boundary opens up beyond the peak trac-
tion. With the ongoing transmission process, the phase boundary softening is
in a constant stable equilibrium with the related bulk relaxation. Ultimately,
the transmission process is advanced to such an extent, that the dislocation
induced traction, exerted on the phase boundary, begins to decrease and the
phase boundary opening process reverses – the dislocation is being transmitted.
For the weaker interface, on the contrary, the peak traction is reached at
an earlier stage, since a lower dislocation induced traction and hence less pile-
up compression is needed. With the continuation of the evolution, the leading
dislocation is pushed further towards the phase boundary, leading to an increase
in phase boundary opening. Eventually, a critical point is reached where the
phase boundary softening is not in stable equilibrium anymore with the related
bulk relaxation. This results in the leading dislocation being absorbed instantly
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into the phase boundary.
It thus can be anticipated that there exists a toughness factor k∗pb,s at which
the mechanism changes from crack nucleation to transmission.
5.2. Parameter study on dislocation transmission vs. crack nucleation
For a detailed study of the competition between dislocation transmission
and crack nucleation we continue to consider the 8-dislocation pile-up system,
but vary the phase contrast km and toughness factor k
∗
pb. An equivalent study
for a 4-dislocation pile-up system showed a similar qualitative behaviour and is
therefore not included.
The influence of the phase contrast km and the toughness factor k
∗
pb on the
model response is presented in Figure 19. Plotted is the externally applied shear
load τ at transmission (solid line), at dislocation absorption (dash-dotted line)
or at crack nucleation (dashed line). Under the maximum applied shear load
of τ/µA = 0.07 no event is triggered for km = 5 and k
∗
pb greater than approx-
imately 0.54. This comparison demonstrates the complex interplay between
absorption, crack nucleation and transmission during the approach of disloca-
tions towards phase boundaries (see Figure 19b). Three changes of mechanism
are noticeable. First, for km = 5 and toughness factors 0.529 ≤ k∗pb ≤ 0.514
dislocation absorption invokes immediately nucleation of a crack and does not
require an increase in shear load τ . Second, for km = 1.5 and k
∗
pb = 0.390,
although the dislocation induced tractions lead to an opening which triggers
the absorption of the leading dislocation, the tractions of the remaining pile-up
do not suffice to trigger the nucleation of a crack. Eventually, the leading, ab-
sorbed, dislocation is being transmitted instead. Third, a change of mechanism
from crack nucleation to transmission is observed at toughness factors around
k∗pb ≈ 0.64 km/(1 + km), as illustrated in Figure 20. This value is representative
for the ratios Gc/ψ
B∗
gp (δgp = b/2) ≈ 2.23 and max {Tpb} /max
{
TBgp
} ≈ 1.58.
This constant ratio shows that the relative height of the energy barriers associ-
ated with decohesion (Gc) and transmission (ψ
B∗
gp ) is the decisive factor in the
outcome of the competition between transmission and crack nucleation.
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Below, the specific influences of km and k
∗
pb on the evolution process will be
discussed in detail to elaborate on the specific trends observed in Figure 19.
Figure 19: Model response for an 8-dislocation pile-up system as a function of the toughness
factor k∗pb for various phase contrasts km: (a) externally applied shear load τ at crack nucle-
ation or transmission and (b) externally applied shear load τ at dislocation absorption, crack
nucleation or transmission for selected km.
Figure 20: Ratio k∗pb (1 + km) /km for the illustration of the transition of the model from crack
nucleation to transmission, representative forGc/ψB∗gp (δgp = b/2) and max
{
Tpb
}
/max
{
TBgp
}
.
5.2.1. Influence of the toughness factor k∗pb
To assess the influence of the phase boundary toughness (and strength) only
on crack nucleation and dislocation transmission, consider the constant phase
contrast km = 2 under varying toughness factor k
∗
pb. Results show that an in-
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creasing k∗pb shifts the points of absorption (τabs) and crack nucleation (τdec)
towards higher externally applied shear loads, as illustrated by the disregistry
evolution of δAgp and δ
B
gp in Figure 21a for k
∗
pb ∈ {0.379, 0.423}. The evolu-
tions of the corresponding tractions TBgp and T
−
pb illustrate the origin of the
delayed absorption for stronger interfaces. As k∗pb is increased, the toughness
and strength of the phase boundary increase likewise. Thus, higher dislocation
induced stresses, and hence a larger pile-up compression is required for dislo-
cation absorption. Equally, to nucleate a crack in a stronger phase boundary
(after absorption), the pile-up needs to be compressed more. In this context, a
stronger increase of τabs than of τdec is observed. Eventually, under sufficiently
large k∗pb (≥ k∗pb,s), the dislocation induced tractions no longer suffice to trigger
dislocation absorption. The leading dislocation is being transmitted instead.
Figure 21: Model evolution for an 8-dislocation pile-up system up to crack nucleation with
the phase contrast km = 2 and toughness factors k∗pb ∈ {0.379, 0.423} as a function of
the externally applied shear load τ : (a) disregistries δAgp at
{
x ∈ ΓAgp|x = LA
}
, and δBgp at{
x ∈ ΓBgp|x = LA
}
and (b) glide plane traction TBgp at
{
x ∈ ΓBgp|x = LA
}
and phase bound-
ary traction T−pb at y = 0
−.
Although a further increase in k∗pb reduces the phase boundary opening, and
in turn the bulk relaxation, for km = 2 it has only a marginal influence on the
transmission behaviour and the external transmission stress τtrans, as observed
by the plateau in Figure 19. The corresponding disregistry evolutions δBgp and
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δAgp are illustrated in Figure 22 for k
∗
pb ∈ {0.435, 1} together with the evolution
of the tractions TBgp and T
−
pb. This demonstrates that, despite a relatively large
difference in the opening behaviour, no significant difference in the transmission
process is present.
Figure 22: Model evolution for an 8-dislocation pile-up system up to transmission with the
phase contrast km = 2 and toughness factors k∗pb ∈ {0.435, 1} as a function of the externally
applied shear load τ : (a) disregistries δAgp at
{
x ∈ ΓAgp|x = LA
}
, and δBgp at
{
x ∈ ΓBgp|x = LA
}
and (b) glide plane traction TBgp at
{
x ∈ ΓBgp|x = LA
}
and phase boundary traction T−pb at
y = 0−.
5.2.2. Influence of the phase contrast km
Consider next the impact of km on the externally applied shear load to trigger
absorption, crack nucleation or transmission. Within the present PN-CZ model,
the phase contrast km has a three-fold influence on the model response. First,
it evokes a repulsive image stress on dislocations and is thus a strong source
of dislocation obstruction. Second, it affects via the toughness Gc ∝ k∗pb(1 +
km) the phase boundary opening behaviour. Third, it defines the maximum
dislocation induced traction on the phase boundary. By reducing the influence
of the phase boundary opening, with k∗pb = 1, the impact on the repulsive image
stresses is determined. In that context, results reveal a non-linear correlation
between km and the repulsive image stresses, reflected by the non-linear increase
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of the external transmission stress τtrans (cf. Figure 19).
To assess the influence of km on crack nucleation, k
∗
pb is kept constant under
varying km. Figure 23 illustrates the model responses for k
∗
pb = 0.379 and
km ∈ {2, 3, 4} in terms of the evolutions of the disregistries δAgp and δBgp, and
the tractions TBgp and T
−
pb. The results show that with increasing km dislocation
absorption is being triggered at an earlier stage of the transmission process
(lower δBgp). As a consequence, the toughness factor k
∗
pb can be increased further
before the mechanism changes from crack nucleation to transmission, which
explains the shift of k∗pb,s for larger km, as observed in Figure 19. Similarly,
with larger km less increase in the pile-up compression is required to ultimately
trigger crack nucleation.
Figure 23: Model evolution for an 8-dislocation pile-up system up to decohesion with the
phase contrasts km ∈ {2, 3, 4} and a constant toughness factor of k∗pb = 0.379 as a function
of the externally applied shear load τ : (a) disregistries δAgp at
{
x ∈ ΓAgp|x = LA
}
, and δBgp at{
x ∈ ΓBgp|x = LA
}
and (b) glide plane traction TBgp at
{
x ∈ ΓBgp|x = LA
}
and phase boundary
traction T−pb at y = 0
−.
In terms of dislocation transmission, a growing impact of k∗pb on τtrans is
noticeable as km increases. This effect is related to larger phase boundary
openings at k∗pb,s, as visualised in Figure 24a by the phase boundary openings
δ−pb, which increase with increasing km. The corresponding tractions T
B
gp and T
−
pb
are displayed for completeness in Figure 24b. In relation with the pronounced
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opening behaviour for larger km, a higher bulk relaxation applies, which requires
an increasingly larger external transmission stress τtrans than for the damage free
boundary k∗pb =∞.
Figure 24: Model evolution for an 8-dislocation pile-up system up to transmission with the
phase contrasts km = {2, 3, 4} and transmission evoking toughness factors k∗pb = k∗pb,s as a
function of the externally applied shear load τ : (a) opening δ−pb at y = 0
− and (b) glide plane
traction TBgp at
{
x ∈ ΓBgp|x = LA
}
and phase boundary traction T−pb at y = 0
−.
5.3. Crack response
For all cases where a crack is nucleated, an immediate crack growth is ob-
served, with the absorption of, in addition to the leading dislocation, 6 disloca-
tions into the phase boundary (cf. Figure 17c for km = 2.0 and k
∗
pb = 0.379).
Note that this observation is limited to the present 8-dislocation pile-up sys-
tem. In a similar simulation of a 23-dislocation pile-up system with km = 2 and
k∗pb = 0.379, not shown here, an absorption of 18 dislocations was observed.
Although the 8-dislocation pile-up system in the case of crack nucleation al-
ways exhibits an equal number of 7 dislocations absorbed into the phase bound-
ary, the specific model responses strongly differ in their crack opening behaviour.
This is illustrated in Figure 25 in terms of crack length lcrack as a function of
k∗pb and as a function of the phase boundary toughness Gc. Here, the crack
length is defined as the distance between y = 0 and the position of the crack
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tip, where Tpb < 0.1 max {Tpb} and δpb > lc. As expected, the crack length
is directly dependent on the work of separation. Furthermore, a larger phase
contrast km entails a closer dislocation position to the phase boundary as the
dislocation induced tractions are larger, leading to a further increase in lcrack
with km.
Figure 25: Crack length lcrack after decohesion for an 8-dislocation pile-up system under
various phase contrasts km: (a) as a function of the toughness factor k∗pb and (b) as a function
of the phase boundary toughness Gc.
6. Conclusion
In this paper, a previously proposed Peierls–Nabarro finite element model
[24] was complemented with a model that accounts for decohesion of a phase
boundary, resulting in a Peierls–Nabarro cohesive zone (PN-CZ) model. Its
total free energy is formulated on the basis of linear elastic strain energy den-
sity, a glide plane potential for dislocation behaviour and the cohesive phase
boundary potential. It was shown that with the cohesive zone model along the
phase boundary, a strong influence on the dislocation behaviour is introduced.
Depending on the phase boundary toughness, either dislocation transmission
or phase boundary decohesion may be triggered. However, the results demon-
strated that atomistically calculated glide plane and phase boundary potentials
may lead, when directly used in zero-thickness interfaces (as in the PN-CZ
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model), to a large quantitative deviation in the applied shear load, required for
transmission. Accordingly, a linear elastic potential reduction was incorporated
to restore physical consistency.
With the reduced potentials, the interplay between dislocation transmis-
sion and phase boundary decohesion was studied. Subject of this study was
the behaviour of an 8-dislocation (dipole) pile-up system for a varying phase
contrast km (in elasticity and glide plane properties) and interface toughness
Gc ∝ kpb (1 + km). The toughness factor kpb at which the mechanism changes
from crack nucleation to transmission was identified as kpb ≈ 0.64 km/(1 + km).
During the evolution of transmission and decohesion, under an increasing exter-
nally applied shear load, there exists a bifurcation point where the model either
progresses further towards dislocation transmission or towards phase bound-
ary decohesion. This point is characterised by the absorption of the leading
dislocation into the phase boundary as a results of the non-linear interaction
between phase boundary opening and the bulk relaxation, and generally oc-
curs well before the actual decohesion/transmission. For a fixed phase contrast
and increasing interface toughness it was shown that the points of first disloca-
tion absorption and crack nucleation shift unequally towards larger externally
applied shear loads. For dislocation transmission, a minor decrease of the re-
quired external transmission stress was revealed for stronger interfaces due to
the smaller phase boundary opening and bulk relaxation. Naturally, with larger
phase contrast stronger repulsive image stresses are induced, leading to a larger
barrier to dislocation transmission. Hence, to overcome the higher repulsive
image stresses and to trigger dislocation transmission or crack nucleation, a
greater pile-up compression under larger externally applied shear load is re-
quired. In this context, it was revealed that the toughness factor for which the
mechanism changes from crack nucleation to transmission shifts to larger values
for increasing km. Again, the points of first dislocation absorption and crack
nucleation shift unequally. This unequal shift leads to the convergence of both
points, which tend to overlap for a high phase contrast where absorption of the
leading dislocation leads to an immediate crack nucleation. As the dislocation
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induced normal stress increases with the phase contrast, the phase boundary
needs to be increasingly stronger to trigger dislocation transmission instead of
phase boundary decohesion.
In all cases of decohesion, an immediate crack propagation appears until all
but one dislocation are absorbed. This phenomenon is limited to the studied
8-dislocation pile-up system, as for a similar 23-dislocation pile-up system 5
remaining dislocations after crack nucleation were observed. An analysis of
the resulting crack length corresponding to the 8-dislocation pile-up showed a
strong influence of the phase boundary toughness. Furthermore, as a result of
the decreasing distance of the remaining dislocation to the phase boundary and
the accordingly increasing dislocation induced stress, the crack length grows
with the phase contrast.
The present study was performed for the case of an 8-dislocation pile-up
system. Once the restriction on the number of dislocations is lifted, more stable
dislocations may be generated. Thus, based on the increase of the external
decohesion stress with larger phase contrasts, an increase in the number of
nucleated dislocations before failure may be anticipated.
Here, the idealised case of a glide plane perpendicular to and continuous
across a fully coherent phase boundary was considered. For more complex
phase boundary structures however, different responses may be expected, in-
cluding the toughness factor at which the mechanism changes. The presence of
a phase boundary boundary structure gives rise to a local coherency stress field.
Depending on its positioning with respect to the impinging glide plane, dislo-
cation transmission may be either promoted or impeded. Hence, the interplay
between dislocation transmission and crack nucleation may shift. Furthermore,
if a crack nucleates in a region of low coherency, it propagation may be impeded
in regions of high coherency, requiring an increase of the externally applied shear
load for further crack propagation. All of these effects will be subject of future
work.
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